Purpose: The purpose of this paper is to introduce the mixed summation-integral-type Lupaş-Phillips-Bernstein operators. Methods: Firstly, we compute the moments of the operators. We use the method of Korovkin-type statistical approximation and modulus of continuity. Results: We find the rate of convergence of the modified operators using statistical convergence and modulus of continuity.
Introduction
Let q > 0. For each nonnegative integer k, the q-integer [k] and the q-factorial [k]! are respectively defined by
For the integers n, k satisfying n ≥ k ≥ 0, the q-binomial coefficients are defined by
We define The q-analogue of integration in the interval [0, a], discovered by Thomae as cited in [1] , is defined by In particular, for m, n ∈ N, we have
In 1885, K. Weierstrass started the approximation theory with the Weierstrass approximation theorem: 'Every continuous function on [a,b] , can be uniformly approximated as precisely as we wants, by a polynomial function. ' http://www.iaumath.com/content/6/1/26
In 1912, Sergei Natanovich Bernstein gave a famous proof of Weierstrass's theorem using the Bernstein polynomials and probability theory. For a long time, the Bernstein polynomials remain an intensive area of research (for details, see [2, 3] ).
After the development of quantum calculus (q-calculus; for details, see [1, 4] ), A. Lupaş was the first person who gave a new generalization of the Bernstein polynomials based on q-integers as follows:
where
, is called the Lupaş q-analogue of the Bernstein polynomials. Lupaş obtained sufficient conditions for the sequence R n,q (f ; x) to be approximating for any function f ∈ C[ 0, 1]. He also estimated the rate of convergence of the operator in terms of modulus of continuity and instigated behavior for the convex function f (x). After about 10 years, in 1997, Phillips proposed another generalization of the Bernstein polynomials based on q-binomial coefficients as follows:
is a well-known q-analogue of the Bernstein polynomials. Phillips' generalization of the Bernstein operator becomes an active area of research, for example in [7] [8] [9] [10] .
On the other hand, the Lupaş operators remain unknown for a long time. However, they have an advantage of generating a positive linear operator for all q > 0, whereas the q-Bernstein polynomials lose its positivity for q ∈ (1, ∞). In the last few years, some researchers (see [11] [12] [13] ) studied the Lupaş operators and introduced some new results for the operators.
Methods

Construction of operator
In 2005, Derriennic [14] studied an analogue of the Bernstein-Durrmeyer operator related to the q-Bernstein basis. In 2008, Gupta and Heping [15] introduced the q analogue of the well-known Bernstein-Durrmeyer operators and investigated the rate of convergence. Motivated from the modification due to Gupta, we now introduce the mixed summation-integral-type Lupaş-Phillips-Bernstein operators as follows:
For every n ∈ N and q ∈ (0, 1), we define the operator as 
Lemma 1. [5]
The following equalities are true:
.
Lemma 2. For s
Proof. By using the definition of the q-Beta
Therefore, by the above relation and definition of the operator, we get the result.
,
Proof. All three moments can be obtained using Lemmas 1 and 2 as follows:
For the second moment, we proceed as follows:
Finally, we have
(q + 1).
Corollary 1. By simple computation, we can find the central moments
Proof. By the Korovkin theorem (see [16] 
Thus,
which is a contradiction. This completes the proof of the theorem.
Results and discussion
Statistical convergence
A sequence (x n ) n is said to be statistically convergent to a number L, denoted by st − lim n x n = L if, for every ε > 0,
is the natural density of set K ⊆ N and χ K is the characteristic function of K. For instant
series (x n ) n∈N converges statistically, but lim n x n does not exist. We note that every convergent sequence is a statistical convergent, but converse need not to be true (details can be found in [17] ).
As an application of the Bohman-Korovkin-type theorem [18] , we have the following result for our operators: 
Based on Lemma 3, we have
Using Equation 5, we get
and
Define the following sets:
n (e 1 ; ·) − e 1 ≥ },
Thus, we obtain
A similar calculation reveals that
Again by Equation 5 , we get
n (e 2 ; ·) − e 1 ≥ },
Thus, by using Equations 6, 7, and 8 and the BohmanKorovkin-type theorem, we get the result.
The modulus of continuity of
It is well known that, for a function f ∈ C[ 0, a], we have
The modulus of continuity possesses the following properties:
Theorem 3. Let (q n ) n be a sequence satisfying Equation 5 . Then
for all f ∈ C[ 0, 1], where
Proof. By the linearity and monotonicity of D q n , we have
By using property of modulus of continuity,
2 ; x ; http://www.iaumath.com/content/6/1/26 using Corollary 1 in the above inequality and letting δ n = D q n (t − x) 2 ; x , δ = √ δ n , we get the result.
Definition 4. The linear operator defined on
and for 
Lemma 4. [12] We have
where b q ∞,k (x) is the basis of the limit q-Lupaş operator andb
Lemma 5. For s = 0, 1, 2 . . ., we havẽ The lemma can be proved by just using the definition of the q-Beta operator [1] .
Lemma 6.
For all x ∈[ 0, 1) and q ∈ (0, 1), we havẽ
All three moments can be obtained using Lemmas 4 and 5.
where A q is constant depending on q only.
Proof. By the definition of operators, we can write =A q ω(f ; q n ).
